Abstract. In this paper, the authors investigate a majorization problem for certain subclasses of multivalent meromorphic functions defined in the punctured unit disk U * having a pole of order p at origin. The subclasses under investigation are defined through iterations and combinations of the Liu-Srivastava operator and a meromorphic analogue of the Cho-Kwon-Srivastava operator for normalized analytic function. Several consequences of the main results in form of corollaries are also pointed out.
Introduction and Definition
Let f (z) and (z) be analytic in the open unit disk U := {z : z ∈ C and |z| < 1}. We say that f is majorized by in U (see [11] ) and write
if there exists a function w(z), analytic in U satisfying |w(z)| ≤ 1 and
For two analytic functions f and , we say f (z) is subordinate to (z) if there exists a Schwarz function w, which (by definition) is analytic in U with w(0) = 0 and |w(z)| < |z| (z ∈ U) such that f (z) = (w(z)) (z ∈ U).
We denote this subordination by
It follows from this definition that f (z) ≺ (z) =⇒ f (0) = (0) and f (U) ⊂ (U).
In particular, if the function is univalent in U, then we have the following equivalence (see [12] ).
f (z) ≺ (z) (z ∈ U) ⇐⇒ f (0) = (0) and f (U) ⊂ (U).
Further, f (z) is said to be quasi-subordinate to (z) if there exists an analytic function w(z) (|w(z)| ≤ 1) such that
w(z) is analytic in U and
Hence by definition of subordination, (5) is equivalent to (see [1] )
f (z) = w(z) (φ(z)) (|φ(z)| ≤ |z|, z ∈ U).
We denote this quasi-subordination by
If we set w(z) ≡ 1 in (6), then (7) becomes the subordination (4). If we take φ(z) = z in (6) , then the quasi-subordination (7) becomes the majorization (1). Let p denote the class of functions of the form
that are analytic and p-valent in the punctured unit disk U * := U \ {0} having a pole of order p at the origin. We note that 1 = .
For the functions f j ∈ p given by
we define the Hadamard product (or convolution) of f 1 and f 2 by
For a function f ∈ p , let f (q) denote qth order ordinary differential operator given by
Liu and Srivastava [10] studied meromorphic analogue of the Saitoh operator [16] by introducing the function φ p (z) given by
where (λ) n is the Pochhammer symbol (or shifted factorial) given by
They defined the linear operator L(a, c) :
Define the function φ + p (a, c; z), the generalized multiplicative inverse of φ p (a, c; z) by the relation
Using this function we define the following family of transforms L λ p (a, c) :
The holomorphic analogue of the function φ + p (a, c; z) and the corresponding transform, which is popularly known as the Cho-Kwon-Srivastava operator in literature (see [4] ). We remark in passing that a much more general convolution operator, involving the generalized hypergeometric function in defining Hadamard product (or convolution), was introduced recently by various authors [5, 6, 17] .
Very recently Mishra et al. [13] (also see [15] ) defined the generalized multiplier transformation L
Thus for a function f (z) of the form (8), we have
It should be remembered that the operator L n,m λ,p (a, c, t) is the generalized of many other familiar operators considered by earlier authors (for detail, see [13] ).
It is easy to verify that
Now, by making use of the operator L n,m λ,p (a, c, t), we define a new subclass of function f ∈ p as follows.
A function f ∈ p is said to be in the class T n,m p, j (a, c, t, α, γ; A, B) of multivalent meromorphic functions of complex order γ 0 in U * if and
In particular, for A = 1, B = −1 and α = 0, we denote the class
We note that
(a, c, t; γ) reduces to the class p (γ) (γ ∈ C * ) of p-valently meromorphic starlike function of complex order γ in U * , where
phic convex function of complex order γ in U * , where
(a, c, t; γ) = S(γ), the class of meromorphic starlike univalent functions of complex order γ 0;
, the class of meromorphic starlike univalent function of order η in U * (see [8] );
(a, c, 1; γ) = K (γ), the class of meromorphic convex univalent function of complex order γ;
(a, c, 1; 1 − η) = k (η), the class of meromorphic convex univalent function of order η (see [8] ).
Another subclass of the class p associated with a linear operators, was studied recently by Srivastava et al. [18] (also see [19, 20] ). Also, there is good amount of literature about majorization problems for univalent and multivalent functions discussed by various researchers. A majorization problem for the normalized classes of starlike functions has been investigated by Altintas et al. [2] ( also see [3] ) and MacGreogor [11] . For recent expository work on majorization problems for meromorphic univalent and p-valent functions, see [7, 9, 21] .
Motivated by aforementioned works, in this paper the authors investigate majorization problem for the class of multivalent meromorphic functions using iterations and combinations of the Liu-Srivastava operator and a meromorphic analogue of the Cho-Kwon-Srivastava operator for normalized analytic functions.
Main Results
Unless otherwise mentioned we shall assume throughout the sequel that
Theorem 2.1. Let the function f ∈ p and suppose that ∈ T n,m p, j
where r 0 = r 0 (p, α, t, γ; A, B) is the smallest positive root of the equation
Proof. Since ∈ T n,m p, j (a, c, t, α, γ; A, B), we find from (14) that
where w(z) = c 1 z + c 2 z 2 + ..., w ∈ P, P denote the well-known class of the bounded analytic functions in U and satisfies the conditions w(0) = 0 and w(z) < |z| (z ∈ U).
Takinḡ
in (18), we havē
Using (20) in (19), we get
Application of Leibnitz's theorem on (13) gives
Now, using (22) in (21), we find that
Or, equivalently,
Since |w(z)| ≤ |z| (z ∈ U), the formula (23) gives
Differentiating (25) on both sides with respect to z and multiplying by z, we get
Using (22) and (25) 
Thus, noting that w ∈ P satisfies the inequality (see [14] )
and making use of (24) and (28) in (27), we obtain
which, upon setting |z| = r and |w(z)| = ρ (0 ≤ ρ < 1), leads us to the inequality
takes its maximum value at ρ = 1 with r 0 = r 0 (p, α, t, γ; A, B) where r 0 is the smallest positive root of the equation (17) . Furthermore, if 0 ≤ δ ≤ r 0 (p, α, t, γ; A, B), then the function ψ(ρ) defined by
is an increasing function on the interval 0 ≤ ρ ≤ 1, so that
Hence, upon setting ρ = 1 in (30) we conclude that (16) of Theorem 2.1 holds true for |z| ≤ r 0 (p, α, t, γ; A, B), where r 0 is the smallest positive root of the equation (17). This completes the proof of Theorem 2.1.
Corollaries and Concluding Remarks
By letting A = 1 and B = −1 in Theorem 2.1, we obtain the following corollary.
Corollary 3.1. Let the functions f ∈ p and ∈ T n,m p, j
where r 1 = r 1 (p, α, t, γ) is the smallest positive root of the equation
given by r 1 =
Taking α = 0 in Corollary 3.1, we state the following:
where r 2 = r 2 (p, t, γ) is the smallest positive root of the equation
given by r 2 =
and k 2 = t + p + t|γ|.
Taking n = m = j = 0, t = 1 in Corollary 3.2, we get 
where r 3 = r 3 (p, γ) is the smallest positive root of the equation
given by r 3 =
and k 3 = |γ| + p + 1.
By setting γ = p − δ (0 ≤ δ < p) in Corollary 3.3, we obtain the following results: 
Concluding Remarks:
By specializing different parameters like n, m and t further, one can get various other interesting subclasses of p containing linear operators and the corresponding corollaries can be easily obtained.
